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Thermodynamics of fluid turbulence: A unified approach to the maximum transport properties
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Dissipative properties of various kinds of turbulent phenomena are investigated. Two expressions are derived
for the rate of entropy increase due to thermal and viscous dissipation by turbulence, and for the rate of entropy
increase in the surrounding system; both rates must be equal when the fluid system is in a steady state.
Possibility is shown with these expressions that the steady-state properties of several different types of turbu-
lent phenomendBenard-type thermal convection, turbulent shear flow, and the general circulation of the
atmosphere and oceaexhibit a unique state in which the rate of entropy increase in the surrounding system
by the turbulent dissipation is at a maximum. The result suggests that the turbulent fluid system tends to be in
a steady state with a distribution of eddies that produce the maximum rate of entropy increase in the nonequi-
librium surroundings.
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I. INTRODUCTION dicted distributions(i.e., temperature, cloud amount, and
horizontal heat fluxshow considerably good agreement with

Turbulence seems to be one of the most frequent phenonebservations. Later on, several researchers investigated his
ena around us: thunderstorms in the atmosphere, turbulemtork, and obtained essentially the same refl®,13. Al-
eddies in the ocean, convection of a hot liquid in a coffeethough criticisms arose from a consideration of radiation en-
cup, shear turbulence of the liquid by forced mixing, etc. Yettropy[14], it is recently shown that Paltridge’s work remains
there is no physical theory that is capable of expressing thealid if the rate of entropy increase by the turbulent heat
complete dynamic structure of turbuleridd. Understanding transport is considered to be a maxim{ibs—17. Thus, the
turbulence may be important because all living creaturesglobal fluid systenthe atmosphere and ocgaeems to be
including human beings, are exposed to the turbulent motiof & state with the maximum rate of entropy increase by the
of the atmosphere and ocean since the early beginning. Aturbulent processg,,,=Max.), although the reason remains
though the local turbulent motion is highly complex, it is unclear. Moreover, until now, we do not have a reasonable
hoped that the statistical-mean properties may have SOM&planation why the specific quantit, 7, or Sy, tends to
general characteristics to be discovered. In this respect, SU¢fx maximized in each of these turbulent systems.
a statistical law of turbulence has been sought by numbers of |, order to clarify the issue in the above mentioned phe-
investigators in various fields of physical sciences. nomena, we have investigated the dissipative properties of

In the field of fluid dynamics, several suggestions haveypylence. In this paper, we shall not go into the details of
been made on maximum transport properties of turbulencge mathematical problems of the optimum theory; these are
on the basis of phenomenological observations. Fpr thermahe subject of other consideratiofs-9,18—21 Instead, we
convect!on of a fluid layer heated from beldie., Benard  gpg) present a simple thermodynamical proposition by
convection[2]), Malkus [3] suggested that the observed \yhich these apparently different types of turbulent phenom-
mean state represents a state in which the rate of heat traQsﬁa(e_g_’ Beard thermal convection, turbulent shear flow,
port by thermal convection is at a _possible maximuf ( and the general circulation of the global fluid sysjeran
=Max.). For turbulent flow of a fluid layer under a pure possibly be explained. The proposition states that a turbulent
shear, Malkug4] and Buss¢5] suggested that the realized fjig system tends to be in a steady state with a maximum
state corresponds to a state with the maximum rate of MQrate of entropy increase in the surrounding system by the
mentum transport{=Max.). Their approach is now called tyrpulent dissipation in the fluid system. In what follows, we
the “optimum theory” or “upper bound theory,” and is well - shaj| present a set of equations to express the rate of entropy
known in the field 6—9]. However, the physical meaning of increase in a fluid system and its surroundif@sc. I). With
the maximized properties is yet to be determined. these equations, we shall see how these apparently disparate

A similar suggestion has been proposed in the field ofypulent phenomena can be explained by this simple propo-

earth science. Paltriddd 0,11}, for instance, suggested that sjtion (Sec. I1). Physical meaning of the proposition will
the present mean state of the global atmosphere is reprodugnortly be discussed in Sec. IV.

ible as a state with a maximum rate of entropy increase due
to heat transpprt by the general circulation of the af[mospherql_ ENTROPY INCREASE BY TURBULENT DISSIPATION
and ocean. Figure 1 shows such an exanip@. Without
considering the detailed dynamics of the system, the pre- Let us consider the rate of entropy increase per unit time
for a whole system consisting of a fluid system and its sur-
rounding system with which the fluid system exchanges heat
*Corresponding author. Email address: ozawa@jamstec.go.jp and momentuniFig. 2). The rate of entropy increase due to
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some irreversible processes in the fluid system is then givesteady state. The entropy of the surrounding system is then
by the sum of the contributions from each systesee Ap- increasing by the irreversible processes in the fluid system.

pendix Eq.(A7) as well as Ref[17]] as Previous studieg10-13,15-17 suggest that the increase
rate by the turbulent dissipation processes tends to be a
Surb= f E d(pCT) +V-(pcTV)+pV-v|dV+ f EdA maximum @urb,sF Max.) when the long-term mean state of
ol T ot T ( ) the global fluid system is concernddee Fig. 1 and Sec.
1 wmoe).

The general expression, E{l), can be rewritten in a

wherep is the density of the fluidg is the specific heat at different form. It is known[22,23, and easy to ShoWAp-
constant volumeT is the absolute temperature,is the ve- pendix Eq.(A10), [17]] that

locity, p is the pressurey is the volume of the fluid system,

A is the surface bounding the system from the surroundings, )

andF is the diabatic heat flux due to turbulence at the bound- Swrv= J F-V
ary, defined as positive outwards. The first volume integral

represents the entropy increase rate of the fluid system, aRghereF is the diabatic heat flux density due to turbulence
the second surface integral represents that of the surrounding,q ¢ is the dissipation function, representing the rate of
system. If the concerned fluid system is in a steady state in @issipation of kinetic energy into heat by viscosity per unit
statistical sense, as usually the case of laboratory expenplume of the fluid. The first term is the rate of entropy
ments, then the entropy, a state function of the fluid systeMpcrease by thermal dissipation, and the second term is that

1)d q)d
T V+f? Vv, 3

remains unchanged. In this case, Eb.becomes simply by viscous dissipation. The sum of the two terms represents
F the total rate of entropy increase by the turbulent dissipation.
S(urb e j —dA, ) In a steady state, the entropy produced by the turbulent dis-

' T sipation in the fluid system{Eq. (3)] is completely dis-

, , o charged into the surrounding system through the boundary
where the suffix st denotes that the fluid system is in a steadyg ¢ flux[Eq. (2)]. If we assume, by analogy with the case of
state. This equation suggests that the entropy produced Qe giobal fluid system, that the turbulent fluid system tends
some irreversible processes in the turbulent fluid system ig, maximize the rate of entropy increase in the surrounding
completely discharged into the surrounding system througRystem py the turbulent dissipation, then we will get a propo-
the boundary heat fluk, so long as the fluid system is in & gjtion written in the following two different expressions:

Turbulent . 1 b
fluid system Sturb,stzf F-V T dV+f?dV (4a)
F .
=f?dA= Maximum. (4b)

By using these two expressiofi§gs. 4a) and 4b)], it is
possible to show that several maximum transport properties
so far suggested for different types of turbulent phenomena

can be explained with this proposition. For instance, the
Surrounding system

FIG. 2. A schematic representation of an open fluid system and
its surrounding system with which the fluid system exchangefeat !in this respect, the surrounding systemnist in a steady state
and momentun. even though the fluid system is in a steady stafe[17]).
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maximum heat transport suggested for thermal convection Ic’910 Ra
[3] is consistent with Eq(4b) to be a maximum. The maxi-
mum momentum transportrE& Max.) suggested for turbu-
lent shear flow[4,5] corresponds to the maximum shear
working on the system, which results in the maximum vis-
cous dissipation® =Max.) in Eq.(4a. The maximum en-

tropy increase suggested for the global fluid sysfdif— where heat is mainly transported by thermal conduction. On

13,15-17 IS identical to this propc_)smon. In what follows, the contrary, in the interior between the boundary layers, the
we shall discuss a few more details about these phenomena

. i . L convective heat transport by macroscopic eddies is so effi-
with respect to their specific boundary conditions. ; S N
cient that the temperature gradient in the interior is virtually

negligible[Fig. 3@]. In this case, the maximum heat trans-

FIG. 4. Relation between the Nusselt number Nu and the Ray-
leigh number Ra. Solid lin#: maximum estimate with Eq8) and
shaded region: experimental resylts25]. Dotted line shows recent
experimental resuft26].

1. MAXIMUM TRANSPORT PROPERTIES port will be attained by the largest temperature gradient at
OF TURBULENCE the boundary layer with its minimum thickness, (,,)
A. Thermal convection - . AT/2 6
Let us consider thermal convection of a fluid layer which M St min’ ©

is in contact with two thermal reservoirs with different tem-
peratures; a hot reservoiiT{) at the bottom, and a cold wherek is the thermal conductivity. The minimum thickness
reservoir ) at the top[Fig. 3@]. When the temperature 6, .,, may be given by the stability criterion of Rayleigh
differenceAT=Ty— T, becomes larger than a critical value (i.e., the threshold of a layer thickness above which convec-
determined by the Rayleigh number, the convective motiortion would starf24]) as
will start and develop2,24). If the fluid system can be con-
sidered to be in a statistically steady state, then the entropy gaAT(25t'min)3
of the system remains constant. In this case, the rate of en- Ra' = T @
tropy increase due to thermal convection is given by that in
the surrounding systerfEq. (4b)]. The proposition of the \here R4 is the critical Rayleigh numbei~1700), g is the
maximum rate of entropy increase is then given by acceleration of gravity, and, «, andv are the coefficients of
= E E ATE yolume expansion, therm_al (.jiffusivity,_ and kinematic _vis_cos-
Sturb,st: f —dA = = Max. (5) ity, respectively. By substituting Eq7) in Eq. (6) and elimi-

T T Th ThTe nating &; min, ONe gets
Equation (5) shows that, provided that the boundary tem- _kAT[ Ra v ®
peratures are kept constant, the proposition is identical to the maxd \Ra )
maximum heat transportF(=Max.) suggested by Malkus
[3]. where Ra&gaATd3(kv) ! is the Rayleigh number for the

As a simplest case, let us follow the boundary layer ap-entire fluid layer(thicknesd). It should be noted that E¢8)
proach originated by Malkug3]. Malkus suggested that the gives an upper bound for the heat transport that the boundary
maximumpF is attained by the largest temperature gradient atayer permits, in the sense that no dynamic constraint has
the thermal boundary layers() adjacent to the boundary, been taken into account for the heat transport in the interior.
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The maximum heat fludine M) estimated by Eq(8) and  unit surface of the fluid layerEquation(9) shows that, pro-
experimental resultsshaded regionare shown in Fig. 4. The vided that the relative velocity is kept constant, the proposi-
vertical axis is the dimensionless heat flux, the Nusselt numtion is identical to the maximum shear stress, equiva-
ber: Nu=F(kAT/d) "%, and the horizontal axis is the Ray- lently, maximum momentum transppguggested by Malkus
leigh number, shown on a log-log plot. The experimental[4] and Bussg5].
results are plotted from Ref§7,25), and the result from As before, the maximum shear stregs the maximum
recent experimenf26] is also shown by dotted line. The Momentum transportwill be attained by the maximum ve-
critical Rayleigh number is set to be Ra 1708[25]. A rea- locity gradient at the viscous boundary layer adjacent to the

sonable agreement can be seen between the estimate and lifémd?l/_’ whose minifmF;Jm th:gkn|e§§hmm_ will be given by h
experiments, despite of some discrepancy about the critic% e Stja ”t3|/ crltenotﬂ N eynot S: ?t € mtcint?r tr(]atvvteeg tl et
point (Ra~Ra"). A slight overestimation of Eq8) can also oundary layers, the momentum transport by the furbulen

be seen at large Rayleigh numbers: the scaling exponent & dies is so efficient that the velocity gradient may be virtu-

Eq. (8) is 1/3~0.33, whereas that from the experim¢a6] ar% Cﬁﬁ]“ge'?le[lzlg' 3b)]. With these assumptions justified,
is 0.31. As mentioned above, the boundary layer approacﬂ g

gives an upper bound estimate for the heat flux without any AU/2  AU? uAU Re

dynamic constraint in the interior. Thus it may become in- Tma- b5 TPR& T d Re’ (10
valid at the large Ra numbef87-29. The estimate can, in v.min

principle, be improved by adding additional possible con-whereu=puv is the viscosityp is the density, RedAU/v is
straints. For instance, Castirgg al. [28] assumed a mixing the Reynolds number for the entire fluid layer, and* Re
zone adjacent to the boundary layer, and obtained a scaling2s, . AU/v is the critical Reynolds number; above this
exponent of 2/%0.29, while other attempt§19,27 sug-  threshold turbulence would occ(iBl]. Equation(10) has
gested 0.5. Although the exact value of the scaling exponer§ome important implications for the nature of homogeneous
is still debatabl¢26], the underlying conjecture on the maxi- turbulence. For instance, a well-known empirical form of the
mum heat flux, and therefore on the maximum entropy insurface drag stress is shown in E40) as 7y.=CppAU?,
crease, seems to be not unreasonable. In addition, resulfthereC,= 1/Re" is thedrag coefficientempirically ranging
from recent numerical experiments of thermal convection ofrom 0.001 to 0.01[32]. A mean dissipation rate per unit
a rotating fluid system show that the system tends to select@ass of the fluid layer can be given by=®,/(pd)
regime with a higher rate of entropy increds0]. These = TmaAU/(pd) =CpAU%/d; this shows a quantitative form of
results suggest that_ a conveptive system teljds to maximizge Kolmogorov—Obukhov relatiof22]. Further approach
the rate of entropy increase in the surrounding systBm  from Eq. (10) to a homogeneous turbulence theory is there-
(4b)]. The maximum heat flux hitherto suggested for thermakore promising, and will be dealt with in a separate paper.
convection can therefore be interpreted as a manifestation of The maximum shear stregine M) estimated with Eq.
Eq. (4) under the fixed temperature condition at the boundj(lo) and experimental resulfsiots are shown in Fig. 5. The
ary. vertical axis is a dimensionless shear stresE,
=7(uwAU/d)" 1, and the horizontal axis is the Reynolds
number, shown on a log-log plot. The experimental results
are plotted from Reichardi33], and the critical Reynolds
Let us next consider turbulent shear flow of a fluid layernumber is set to be Re=500 in reference to the experiment.
in contact with two reservoirs with different velocities; the Results from the Couette—Taylor flow experim¢Bé] are
relative velocity of the upper reservoir to the lower reservoiralso shown with a dotted line, for a comparison. The agree-
is AU [Fig. 3(b)]. When the relative velocity is larger than a ment is again reasonable, despite some overestimation at
certain critical value determined by the Reynolds number/arge Reynolds numbers; the scaling exponent of (EQ). is
the turbulent motion will start to develd31]. In this case, 1, whereas that of Reichardt's experimg88] is around 0.9.
the kinetic energy of the upper reservoir is transported intdn the case of the Couette—Taylor experiment, the scaling
the fluid layer through the shear working at the upper boundexponent increases from 0.6 to 0.8 with increasing Re from
ary, and this energy is dissipated into heat by molecular dif10* to 1¢° [34], suggesting that it asymptotically approaches
fusion in the fluid layer. In a steady state, the rate of viscoud or 0.9[18]. As before, Eq(10) gives just an upper bound
dissipation(viscous heatingmust be balanced by the rate of estimate for the momentum transport without any dynamic
working due to the shear stresgimes the relative velocity constraint in the interior. The estimate can thus be improved
AU. The proposition of the maximum rate of entropy in- by taking into account additional constraif21]. For ex-
crease by the turbulent dissipation is then given by (&g).

B. Turbulent shear flow

as
® ®, AUr 2In this estimate, temperature is assumed to be almost uniform in
'S[urb = J —dV~ _t_ =Max., 9 the fluid layer. In a real steady state, the amount of viscous heating
' T T T must be discharged into the surrounding system by thermal conduc-

tion through the boundary®;=fFdA. Thus, the expression Eq.
(4b) is also valid in this case. But, it is impractical to estimBtby
whered,= [ddV is the total rate of viscous dissipation per the small temperature gradient at the boundary.
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entropy increase rate in the surrounding system due to the heat
transport, as a function df. A maximum exists between the two

ample, a rigorous analysis based on the dynamic equatlor&treme states® =0 (no circulation andAT(F)=0 (extreme mix-

and the continuity equatiofb,6] suggests a velocity profile

that is in qualitative agreement with the observed velocity

8;?2:;53336$Si§h:¥%£ It:cl)gin?p)))r(\),\\l/l(tah t:;e ui)sggrrlsﬁeul\rqgrzstiture difference will be the IargeﬁFl_g. 6(b)]. Wlt_h increasing
mates for the momentum transp¢®0]. Here, it should be F from zero,.the temperature difference will decrease. At
noted that the general agreements between, the estimates afid’ largeF with extreme mixing, the temperature d|fference
the experi ts tend t t th ition that th Wi become negligible. ThusZ the temperature qm‘erence
: penments tend to support the proposition that the rea T(F)=T.—T, is a monotonic decreasing function &f
ized turbulent flow maximizes the shear stress, and therefore.. e P

. ; _ [Fig. 6b)].
:R/ee ?;Fogiiyeggﬁg?/ﬂéﬂﬂ?ﬁg%&jﬂé&nder the fixed rela The rate of entropy increase by the heat transpaltie to

the general circulation is, provided that the fluid system is in
a statistically steady state, given by the rate in the surround-

C. General circulation of the global fluid ing systemEq. (4b)]. Then, the proposition is
The global fluid system of the earfthe atmosphere and . F F AT(F)F
ocean is different from the convection system of arged Smrb,sFT—— T Max. (12
p le elp

type, in the sense that the temperature difference at the

boundary is not fixed but is a function of the heat transport

itself. As a simplest case, let us consider the earth composdtishould be noted that, unlike E¢5), the temperature dif-

of two regions(the equator and polethe average tempera- ferenceAT(F) is not fixed but a decreasing function Bf

ture in the equatorial region 1 and that in the polar region Since Sy, tis proportional to the product &f andAT(F),

is Ty, [Fig. 6@]. In the present state, there is a net input ofit should have a maximum between the two extreme cases:
radiation (shortwave absorption—longwave emisgiamthe F=0 (no circulation and AT(F)=0 (extreme mixing, as
equatorial region, and a net output from the polar region. Ashown by the solid circle in Fig. (6). According to the

a long-term mean statsteady state this energy imbalance proposition, this maximum corresponds to the most appropri-
is compensated by energy transpbrtiue to the direct mo- ate state for the general circulation. A number of attempts
tion of the atmosphere and ocean, called general circulatiomave been made to seek such a maximum in a more realistic
Suppose an extreme case with no circulatide., static system of the earth composed of 10—20 zones with different
state with negligible amount of heat transporf£0). latitude and altitud¢10-13,19. Maxima were found in all
Then, the equatorial region will be heated up, and the polathese attempts, and the corresponding distributions of tem-
regions will be cooled down. Because of the Stefan—peratures and heat fluxes show considerable agreements with
Boltzmann law of radiation, this results in an increase inthe observationésee Fig. 1 as well 440-13,19). Thus, the
thermal emission from the equatorial region and a decreasgeneral circulation seems to be regulated in a state with the
from the polar region, thereby compensating the energy imappropriate rate of heat transport in the atmosphere and
balance in each region. Thus, in the static state, the temperacean, that produces the maximum rate of entropy increase
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in the surrounding system. This result shows a sharp contragte>Re*). Then, the fluid system tends to reduce the non-
to the maximum heat transport found inriged-type thermal  equilibrium state by heat or momentum transport through the
convection or the maximum momentum transport in turbu-system, resulting in the entropy increase in the surrounding
lent shear flow. However, all these examples are completelgystem. But, if the fluid system would contain no turbulent
in agreement with the proposition of the maximum entropyeddy at all(i.e., a static or laminar statehe heat or momen-
increasg Eq. (4)] presented here. tum should be transported only through molecular diffusion
whose characteristic length scdles., the mean free patlis
very much smaller than the system sizg. Thus, the mo-
lecular diffusion in the stati¢or laminay state is quite inef-

We have seen in the preceding sections that the steadficient for the transport of heat or momentum. This stétic
state properties of several different types of turbulent phelaminay state is, however, unstable to small fluctuations
nomena (e.g., Baard-type thermal convection, turbulent when R&R&" or Re>Re*, and the fluctuations will develop
shear flow, and the general circulation of the global flean  into a train of turbulent eddieg36]. The development of
be explained to a certain extent by a unique state of(&¢. these eddies will continue until they encounter the bound-
i.e., a state with a maximum rate of entropy increases in th@ries of the fluid systerfiFigs. 3a) and 3b)]. At this state,
surrounding system by the turbulent dissipation in the fluigheat or momentum is transported most efficiently by the
system. The appearance of the maximum transport propertiégacroscopic eddies. We have seen in this paper that the
of heat or momentum hitherto suggested for different turbutransport is not only enhanced by the turbulent eddies, but
lent systems is thereby interpreted as a manifestation of thalso tends to maximize the rate of entropy increase in the
same state of Eq4) under their specific boundary condi- surrounding system. This result suggests that the turbulent
tions. Equatior(4) may thus be seen as a general thermody{luid system tends to be in a steady state with a distribution
namical tendency of various kinds of fluid turbulence, whichof eddies that produce the maximum rate of entropy increase
can be added to a list of such important properties of turbuin the surrounding system. In this sense, the initiation and
lence as diffusivity, vorticity fluctuations, and dissipation evolution of turbulence seem to be regulated by a universal
(e.g.,[35]). We do not in any way intend to say that our work requirement of entropy increase in the nonequilibrium sur-
is complete. More detailed work is needed in both fields:roundings.
maximum transport theories of turbulence and maximum en-
tropy output from the earth. However, the possible linkage of
those apparently disparate turbulent phenomena suggests the
existence of a basic law, which may also be of interest to The authors wish to thank Professor Toshio Yamagata and
scientists in various fields. Professor Atsumu Ohmura for helpful comments and discus-

The idea that a turbulent fluid systefwith large Ra or sions. Figure 1 was reproduced courtesy of Professor G. W.
large Re tends to produce a higher rate of dissipation is notPaltridge and the Royal Meteorological Society, for which
very new. Almost a century ago, Terada and Hat{@®] the authors wish to express their gratitude. Acknowledgment
carried out a series of careful experiments on turbulent mois also given to Tomoe Mikami and Hisao Watanabe for as-
tion of fluids, and pointed out that “the liquid hashabitof  sistance in preparing the illustrations. This work was partly
breaking up into a number of vortical portiorfairbulent  supported by a grant funded for Frontier Research System
eddies, and such mode of motion is preferred by nature tofor Global Change by the Ministry of Education, Culture,
the simpler laminar motion with less dissipation.”li€e[37] ~ Sports, Science and Technology of Japan.
and Sawad§38] suggested that a convective system tends to
select a regime of convection with a maximum rate of en-
tropy increase due to the convective current. The former sug- APPENDIX
gestion is related to the tendency of increased viscous dissi- The time rate of change of entropy of an open fluid sys-
pation rate(®), while the latter is related to the increased (g js given by the following time derivative:
tendency of the convective curre(f). These suggestions
can also be incorporated into the single proposition of(Ey. q 3(ps)
presented here. Although the concept of the entropy increase & _ p f
similar to Eq.(4) has been hinted at already, to the best of Sy dt“ deV} at Vi | psvdA, (AL
our knowledge, an explicit statement of the proposition re-

lating the maximum transport properties found both in thewherep is the density of the fluids is the entropy per unit

laboratory and_ the global fluid system to the state of maXi'mass,u is the normal component of fluid velocity at the

mum entropy increase has not been made before. surface(positive outward V is the volume of the system,
Finally, we shall discuss the reason why the turbulentynq  js the surface bounding the system. The first term on

fluid systems tend to maximize the rate of entropy increasg, o right-hand side can be expanded and rewritten by using
in the surrounding system. A surrounding system consisting, equation of continuitjdp/at=—V - (pv)]

of reservoirs with a large difference in temperature or veloc-

ity is in a nonequilibrium state. If a small fluid systesize

d) is in contact with such reservoirs, the corresponding Ray- ~ 9(pS) _ s, P 08
leigh or Reynolds number can be very larRe>Ra" or st Pat o Pa

IV. DISCUSSION

ACKNOWLEDGMENTS

—V-(psv)+pv-Vs.
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Substituting this in the volume integral of E¢Al), and _
transforming the second term by using Gauss’s theorem, we Ssur= f TdA (AB)

get
s whereF is the surface heat flux defined as positive outward,
Ssys=f pl—=+v-Vs|dV. (A2) dAis a small surface element, and the integral is taken over
at the whole boundary surface.

L - .. The rate of entropy increase due to turbulence for the
The expression in the square brackets is the substantial time L
derivative of entropy per unit mass of a fluid moving aboutWhOIe system is given by the sum of E4A5) and(A6)
in space ¢(Is/dt). This rate of entropy increase can be ex- 1[a(pcT)
pressed by using the thermodynamical relafidis= 5Q/T Sun= J _[ P +V-(pcTv)+pV-v
={du+pd(1/p)}/T] as T ot

o [ Ean
+ ? .
(A7)

(A3)  The first term represents the entropy increase rate of the open
fluid system, and the second term represents that of the sur-

whereu is the internal energy per unit mass, apds the founding system. _ _ _
pressure. Substituting this in EGA2), and transforming the ~ The general expression EGA7) can be rewritten in a
substantial time derivatives to spatial time derivativesdifferent form. Because of the law of conservation of energy,
(du/dt=aulat+v-Vu), we get the terms in the square brackets on the right-hand side of Eq.
(A7) are related to the convergence of heat flux and the rate

ds 1(du d(1/p)
dt Tlat PTar )

. 1| du of heating by viscous dissipatidif. [25], Sec. 7 as
Ssyssz pE+pV~VU+pV~V dv. (A4)
d(pcT) B
Here the continuity relation[d(1/p)/dt=—(1/p?)dp/dt TV (pCTV)+pV.v=—V-F+0,  (A8)

=(1/p)V -v] has been used. The first and second terms in
the square brackets can be rewritten using the following rewhereF is the diabatic heat flux density due to turbulence

lation: and @ is the dissipation function, representing the rate of
U A pu) dissipation of kinetic energy by visco_sity per unit volume of
p—+pv-Vu= p +V-(puv). a fluid. The heat flux= includes all diabatic heat transport
at at processes associated with turbulence, e.g., thermal conduc-
o tion, latent heat transport by phase change, etc., but does not
By substituting it in Eq(A4), we get include the radiative transport process. The surface integral
_ 1[a(pcT) on the r?ght—hand sidg of EqA7) can be transformed to a
Sy f | =% +V-(pcTv)+pV-v|dV. (A5)  volume integral by using Gauss’s theorem
Here the relatioru=cT has been used, wheteis the spe- f EdAz f Edv+f F.V E)dv. (A9)
cific heat at constant volume. This equation is valid within T T T

the limits of an approximation that the temperature and the o .
velocity are constant in the small volume elemeitt (cf. ~ BY substituting Eqs(A8) and (A9) in Eq. (A7), we get
[22], Sec. 49.

Entropy of the surrounding system will increase by heat S[ :f F.V
flux from the fluid system through the boundary. Following urb
the definition of Clausius, the rate of entropy increase of the
surrounding system is given by a surface integral of the heathe first term is the entropy increase rate by thermal dissi-

1deq)dV Al10
T/dV+ | Fav. (A10)

flux due to turbulence divided by the temperature pation, and the second term is that by viscous dissipation.

[1] W. Heisenberg, Phys. Tod&0(5), 27 (1967). [9] W. V. R. Malkus and L. M. Smith, J. Fluid Mect208 479

[2] H. Benard, Ann. Chim. Phy23, 62 (1901). (1989.

[3] W. V. R. Malkus, Proc. R. Soc. London, Ser. 225 196 [10] G. W. Paltridge, Q. J. R. Meteorol. Sab01, 475 (1975.
(19549. [11] G. W. Paltridge, Natur¢London 279, 630(1979.

[4] W. V. R. Malkus, J. Fluid Mechl, 521 (1956. [12] H. Grassl, Q. J. R. Meteorol. Sot07, 153(1981).

[5] F. H. Busse, J. Fluid Mecht1, 219 (1970. [13] A. Noda and T. Tokioka, J. Meteorol. Soc. Jgi, 894(1983.

[6] F. H. Busse, Adv. Appl. Mechl8, 77 (1978. [14] C. Essex, J. Atmos. Scill, 1985(1984.

[7] L. N. Howard, J. Fluid Mech17, 405 (1963. [15] H. Ozawa and A. Ohmura, J. Clini0, 441 (1997.

[8] L. N. Howard, Annu. Rev. Fluid Mech4, 473(1972. [16] H. Ozawa, Phys. Rev. B6, 2811(1997).

026303-7



HISASHI OZAWA, SHINYA SHIMOKAWA, AND HIROFUMI SAKUMA PHYSICAL REVIEW E 64 026303

[17] S. Shimokawa and H. Ozawa, Tellus, Sel52 266 (2001). [30] S. Minobe, Y. Kanamoto, N. Okada, H. Ozawa, and M. lkeda,

[18] C. R. Doering and P. Constantin, Phys. Rev. Léf, 1648 Nagare, Multimedial6 (2000 [http://www.nagare.or.jp/mm/
(1992; Phys. Rev. 49, 4087(1994). 2000/minobe}.

[19] C. R. Doering and P. Constantin, Phys. Rev.58 5957  [31] O. Reynolds, Philos. Trans. R. Soc. London, Sel88, 123
(1996. (1894).

[20] R. R. Kerswell, Physica [100, 355(1997; 121, 175(1998.  [32] C. H. B. PriestleyTurbulent Transfer in the Lower Atmosphere

[21] R. R. Kerswell, Phys. Lett. 272, 230(2000. (University of Chicago Press, Chicago, 1959

[22] L. D. Landau and E. M. LifshitzFluid Mechanics 2nd ed.  [33] 4. Reichardt, Mitteilungen Max-Planck-Instituf fstramu-

(Pergamon, Oxford, 198first published in Russian, 1934 ngsforschung und Aerodynamische Versuchsanstattjr@en,
[23] S. R. de Groot and P. Mazudon-equilibrium Thermodynam-

Nr. 22, 1959.
ics (North-Holland, Amsterdam, 1962 . .
’ ' 34] D. P. Lathrop, J. Fineberg, and H. L. Swinney, Phys. Red6,
[24] Lord Rayleigh, Philos. Magg2, 529 (1916. [34] cao0 (1993p Ineberg winney, Fhy A

[25] S. Chandrasekharydrodynamic and Hydromagnetic Stability . .
(Oxford University Press, Oxford, 1951 [35] H. Tennekes and J. L. Lumle® First Course in Turbulence

[26] J. J. Niemela, L. Skrbek, K. R. Sreenivasan, and R. J. Don- (MIT Press, Cambridge, 1_97'2
nelly, Nature(Londor) 404 837 (2000. [36] T. Terada and K. Hattori, Rep. Aeronaut. Res. Irt.87

[27] R. H. Kraichnan, Phys. Fluids, 1374 (1962. (1928. _
[28] B. Castainget al, J. Fluid Mech.204, 1 (1989. [37] N. J. Féici, C. R. Acad. Sci. Ser. B78 151(1974.
[29] S. Grossmann and D. Lohse, J. Fluid MedB7, 27 (2000. [38] Y. Sawada, Prog. Theor. Phy&6, 68 (1981).

026303-8



